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Multipoint Aerodynamic Wing Optimization in Viscous Flow

J. Szmelter¤

Cran� eld University, Swindon, England SN6 8LA, United Kingdom

A methodology that allows for ef� cient aerodynamic optimizationof wings with a full account of typical viscous
effects is proposed. It extends earlier work by A. Jameson1 ¡ 3 on wing optimization for inviscid � ows. The optimiza-
tion process is based on control theory, which is employed to derive the adjoint equations. Accurate and consistent
modelingof viscous effects is essential in wing design and is implemented in the approachdescribed here by viscous-
inviscid interaction. The solution involves interaction between the Euler solver and the two-dimensionalboundary
layer. Although this technique is limited by the known assumptions of the boundary-layerapproximation,it is very
well suited for civil aircraft wing design in cruise conditions. For applications where large viscous-dominated re-
gions of separation are present, substantiallymore expensive design methods based on the Navier–Stokes equations
have to be used. The method developed in this work has resulted in a practical engineering tool because it combines
the bene� ts of the fast adjoint equation-based technique and a very economical boundary-layer approach. The
cost required for viscous calculations is similar to that for inviscid � ows. Results for three-dimensional wing design
in viscous � ow are possible, even with the use of a PC. The method is demonstrated for a single, clean wing, and
wing-body con� guration.

Nomenclature
A = wing surface area
Cd = drag coef� cient calculated by pressure integration
Ce = entrainment coef� cient
C f = skin-friction coef� cient
C f 0 = skin-friction coef� cient in equilibrium � ow in zero

pressure gradient
Cl = lift coef� cient
Cp = pressure coef� cient
C¿ = shear-stress coef� cient
H , NH , H1 = velocity-pro�le shape parameters
M = Mach number
p = current pressure
pT = target pressure
Ue = mean component of streamwise velocity at edge

of boundary layer
X; Y; Z = Cartesian coordinates
x = coordinate along surface
2 = momentum thickness
¸ = scaling factor on dissipation length

Subscripts

EQ = equilibrium conditions
EQ0 = equilibrium conditions in absence of secondary

in� uences on turbulent structure

Introduction

A N important issue in aerodynamic design of transonic wings
is to � nd the shape for minimum drag and/or maximum lift

at given operating conditions. Over the years the traditional design
has been aided by rapid developments in advanced numerical pre-
diction and analysis methods, inverse design methods, and, more
recently, optimization techniques. One of the critical elements of
aerodynamic design has always been the high computational cost
involved.The speci� c objectiveof the reported researchhas been to
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develop a truly ef� cient engineering tool, which would also allow
for a representativemodeling of � ow physics.

The design technique presented in this paper is gradient-based
and has been derived using control theory. It extends earlier work
by A. Jameson1 3 on wing optimization for inviscid � ows. The
control theory approach to optimal aerodynamic design, in which
shapechangesarebasedongradientinformation,was � rst appliedto
transonic � ows by Jameson.4 The method originally formulated for
inviscid compressible� ows describedby the potentialequationshas
been further applied to the Euler equations5 and the Navier–Stokes
equations.6 The method has been implemented for optimization of
wings and wing-body con� gurations3 as well as complex aircraft
con� gurations.7 In the context of aerodynamic optimization, the
adjoint formulation has been adopted by many researchers, see, for
example, Refs. 8–11. The approach is particularly attractive when
aimed at speci� c applications and when computational speed and
low memory requirements are needed. In the control theory sensi-
tivity analysis the adjoint equations are derived and result in dif-
ferential equations that are of the same order and character as the
� ow equations. Thus, the sensitivity with respect to an arbitrary
number of design variables is obtained with the equivalent of only
one additional � ow calculation. In contrast to the traditional � nite
difference-based approach, the � ow must be recalculated for per-
turbations in every design variable. Information about some other
aerodynamicwing optimization methods can be found for example
in Refs. 12 and 13 and literature provided therein.

For civil aircraft applications the accurate modeling of viscous
effects poses an important class of problems. The work reported
by Jameson et al.6 describes wing optimization in viscous � ow
modeled by the Navier–Stokes equations. Although valuable, the
method is still computationallyexpensive. An alternative, substan-
tially cheaper approach is proposed, whereby the viscous-inviscid
interaction method is used to account for viscous effects.

Flow solvers based on the viscous-inviscid interaction between
full potential or Euler � ow and boundary-layercodes are very well
established for simple (i.e., wing alone or wing body) con� gura-
tions. Indeed, the effectiveness of Euler codes has been signi� -
cantly enhanced by the use of viscous coupled techniques. Today
these single-block-topology-based suites of codes are extensively
and routinely used by wing designers. Also, successful implemen-
tations of viscous-inviscid methods for complex aircraft con� g-
urations modeled by unstructured and multiblock-meshes-based
methods have been demonstrated.14 Viscous-inviscid interaction
methods offer a valuable engineering tool suitable for speci� c
classes of problems. The methods in general cannot be used for
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the calculation of large, viscous-dominated regions of separation
for which the Navier–Stokes equations have to be solved. When
strong three-dimensional viscous effects are present, as for exam-
ple is the case for highly swept wings, the use of three-dimensional
boundary layers or Navier–Stokes solvers needs to be considered.
However, with all of their well-known limitations viscous-inviscid
interaction methods provide a valuable solution to many aero-
dynamic problems. In particular, those within the civil wing de-
sign process for which cruise drag reduction and buffet margins
are critical make the ability to model transonic � ow accurately
essential.

By comparison with standard Navier–Stokes � ow solvers,
viscous-inviscidinteractionmethods are very ef� cient. The penalty
for the incorporationof viscous effects does not, on average,exceed
the order of 15% with respect to correspondingEuler solutions.The
situation is even more cost advantageouswhen implemented in the
wing optimization process. The proposed viscous-inviscidinterac-
tion method uses much larger elements than would be required by
Navier–Stokes solvers and does not require the generationof highly
stretched elements in the vicinity of the wall. By contrast, such ele-
ments are necessaryfor the solutionof the Navier–Stokes equations.
Consequently, for explicit � ow solvers viscous-inviscidinteraction
methods allow much larger time steps to be used. Additionally,
the modeling of turbulent � ows achieved using the lag-entrainment
boundary-layer approach is satisfactory for wing design applica-
tions and in practice is more accurate and consistent than standard
turbulence models used in Navier–Stokes solvers.

For fast turnaround in the design process, the computing times
required are very competitive and thus make the viscous-inviscid
interaction techniquesparticularlysuitable for implementation into
inviscid � ow optimization methods.

Design Procedure Considerations
Finding the best wing shape can be formulated by optimization.

The solution of such an optimization is formulated for a transonic
wing in viscous � ow. The proposed design method is an extension
of the work for inviscid � ows, described in detail in Refs. 1–3. To
derive the adjoint equations, control theory is applied directly to
the Euler equationsgoverningthe inviscid � ow solution.Therefore,
in the adjoint equations solved here the effect of viscous terms is
neglected.However, viscous terms are includedin the � ow solveras
partof thedesignprocessvia theEulerboundary-layercoupling.The
gradient procedure is used as the optimization process. It follows
the path of the steepest gradient to the local minimum.

The general design procedure, for a single design point, can be
summarized by the following steps:

Step 1 Generate initial mesh
Step 2 Solve the coupled Euler/boundary-layerequations.
Step 3 Smooth the cost function if necessary,and set up bound-

ary conditions for the adjoint equation.
Step 4 Update and solve the adjoint equations (viscous terms

are neglected in the adjoint equation).
Step 5 Evaluate the gradient.
Step 6 Modify the pro� les.
Step 7 Update the mesh to re� ect the new shape.
Step 8 Return to Step 2 until general solution characteristics

have been established.
In multipoint design steps 2–5 are performed for every design

pointseparately,and thecalculatedgradientsareweightedto provide
combined global value used in step 6 to modify the shape.

During the optimization process, a single-block C-H topology
mesh is generated for the wing using an analytical mesh genera-
tor with a square-root transformation. The changes of shape that
are calculated in every design cycle are dependent on the mesh
generator because these enter a de� nition of the transformation
that requires updating. Hence, the physical locations of the mesh
points are updated in the program for every design cycle. This is
done in an inexpensive way, using exact analytical values from a
mapping procedure. The adjoint equations when discretized are
solved in a similar manner to the Euler part of the � ow solution
(for inviscid � ows) to obtain the necessary gradient information.

Once the gradient is calculated, a modi� cation in shape can be
made:

modi� cation in shape D relaxation parameter x gradient

The modi� cation in shape is measured in terms of the wing thick-
nessde� ned in a transformedplane.To make sure thatthe redesigned
shape remains smooth, the shape change is smoothed by both ex-
plicit and implicit procedures. In the method the shape change en-
sures a reduction in a cost function. After making such a modi� ca-
tion, the gradient can be recalculated, and the process is repeated
until a minimum is reached. There is a possibility of more than
one local minimum, but in any case the method should lead in the
direction of an optimized shape.

The optimizationimplemented in the code can be used to provide
drag reduction or inverse design capability.

Currently the following cost function is available:

Cost function D 0:5 weight 1

Z
. p pT / dA

C weight2 Cd C 0:5 weight 3

Z
.dp=dX / dA (1)

where an initially guessed target pressure pT is updated during so-
lution. When in expression (1) only the difference between current
and target pressure is used

Cost function D 0:5

Z
.p pT / dA (2)

the optimization process can be viewed as an inverse design.
Because the inverse design concept is realized in the form of an

optimizationprocedure, the procedureshould still provide some so-
lution for problemsfor which it is dif� cult to formulatedesiredaero-
dynamic targets and geometric constraints, e.g., three-dimensional
problems and for which a classical inverse design method would be
limited in its application.

Flow Equations and Solution
A viscous � ow model is basedon the viscous inviscidinteraction.

It employs semi-inverse coupling between the Euler solver and the
two-dimensional integral boundary-layermethod. For typical civil
aircraftwings, in cruisecondition,three-dimensionalviscouseffects
are strong only in the close vicinityof a wing tip. Therefore, the use
of a two-dimensional boundary layer is in this case adequate. For
highly swept military aircraft wings three-dimensional boundary
layers or Navier–Stokes solvers should be used. The Euler solver
is based on the Runge–Kutta multistage time-steppingscheme. The
basic space discretization is accomplished by employing a � nite
volume, cell-centered scheme of Jameson.15 17 The � ow solver
has implicit residual smoothing and local time-stepping capabili-
ties. The semi-inverse viscous-inviscidinteraction technique of Le
Balleur18 has been introduced to improve stability in � ows close to
separation. The integral laminar/turbulent boundary-layermethod,
pioneered at Defence Evaluation and Research Agency (DERA),
uses either a prescribed pressure distribution (direct mode) or the
predicted growth in displacement thickness (inverse mode) to drive
the boundary-layerequations(Fig. 1). The approach is based on the
lag-entrainment method,19;20 which has been further developed by
DERA to incorporate curvature effects on turbulence structure,21

compressibilityeffects,22 low-Reynolds-numbercorrection,normal
shear-stress terms as well as wake calculation.23 For completeness
the summary of the lag-entrainmentmethod is provided:

Continuity:

2 d NH
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Fig. 1 Euler boundary-layer coupling.

Fig. 2 Comparison of initial and target pressures.
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Lag-entrainment:
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where F is the function of Ce and C f .

F D

¡
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c C 0:8C f 0=3
¢

.0:01 C Cc/
(6)

The laminar portion of the boundary layer is calculated by the
Thwaites compressible method, with transition predicted by the
Granville correlation criterion. With forced transition the laminar
separation bubble is calculated by Horton’s method.

Fig. 3 Comparison of current and target pressures.

For applications to realistic civil aircraft con� gurations, it is im-
portant that the theoretical design/prediction tools are not only able
to calculate well-behaved attached laminar and turbulent � ows,
but also to handle off-design behavior such as shock-induced and
trailing-edgeboundary-layerseparationand the interactionbetween
shock-induced and trailing-edge separation. This capability was
demonstrated � rst by DERA.24 Le Balleur has extended the semi-
inverse coupling method to deal with massively separated � ows.25

Adjoint Equations
The adjoint equations solved here are identical to those derived

for inviscid � ow in Ref. 3, where control theory has been applied to
the Euler equations.At this stage of development,viscous effects in
theadjointequationsareomitted.The consequencesof thisomission
need to be further investigated.Nevertheless,it is likely that in cruise
conditions, which are of the primary interest here and for which
viscous coupling techniques are particularly suitable, the in� uence
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of viscous terms in the adjoint equations is minor. Some additional
insight in the context of the Navier–Stokes equations can be found
in Ref. 4.

The solutionof the adjointequationsis similar to the Euler part of
the � ow solution.The � uxes are � rst estimatedbycentraldifferences
and thenmodi� ed bydownwindbiasing throughnumericaldiffusive
terms. These are supplied by similar subroutines to those used for
the inviscid � ow solution.

Numerical Results
To provide at least some illustrationof the proposed method, one

example of inverse design problem, which con� rm the validity of
the method, and one exampleof a drag reductionhavebeen selected.

Apart from the standardvalidationof the code run as a � ow solver
only, it is worth mentioning that a simple control test case provided

Fig. 4 Comparison of initial and redesigned geometries.

a valuableexample for the initial validationof the code. Namely, an
inverse design run has been performed, which prescribed a target
pressure identical to the currentpressureobtainedby the � ow solver
on the initial geometry. Correctly the code “did nothing,” i.e., the
wing geometry remained unchanged.Close examinationhas shown
a difference of the order of � fth decimal � gure. This is caused by
interpolationprocedures,which, even in such straightforwardcase,
are performed automatically by the program.

For the single-wing case presented here a W4 wing geometry26

has been used. Because this geometry is provided in a wing/body
con� guration, the wing has been modi� ed by the introduction of
an additional extended root section in order to create a represen-
tative single wing geometry. All test cases have been performed
using 160 £ 32 £ 32 size mesh. Only values for the pressure drag
are quoted.
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Test Case 1 Modi� cations in Region of Wing Box—W4 at M = 0:78,
® = 0.52, and Re = 8:5 £ £ 106

This test case is aimed at investigating the capability of the in-
verse design option of the code to redesign the wing to gain ex-
tra lift (hence lift over drag L=D) by prescribing an increase in
the lower surface-pressure levels in the region of the wing box,
between 20%< X=c < 60% at speci� ed span stations. The geo-
metrical constraints desired in such an exercise to retain twist and
maximum aerofoil thickness with respect to local chord (t=c max.)
have not been applied. The pressure coef� cient Cp distribution

Fig. 5 Boundary-layer parameters.

obtained by the initial � ow solution was modi� ed to generate
a new lower surface target pressure in the region of the wing
box to increase the lift coef� cient Cl . This target pressure was
used to perform 40 inverse design cycles. The results at four se-
lected sections are given in Figs. 2–5. In Fig. 2 the initial pres-
sure coef� cient C p distribution for W4 wing is compared with
the prescribed Cp target. In Fig. 3 Cp target distribution and
Cp distribution from the solution obtained on the redesigned ge-
ometry after 40 cycles are compared and show close match for
all sections. The corresponding redesigned sections are compared
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with the initial geometry in Fig. 4. Relative to the target pressure
distribution,only minor changes or no change at all occurred on the
upper surface.The � nal Cl D 0:5701 increasedrelative to the initial
solution Cl D 0:5265, pressure drag Cd D 0:0198 increased from
the initial Cd D 0:0191. The � nal angle of attack is ® D 0:4706. In
this inverse design exercise the overall target pressure was achieved
at the expense of a thinner wing.

Investigationof a history of a design indicated that little improve-
ment is made after the 10th cycle, while the Cp in the trailing-edge
region slightly deteriorates.The modi� cations to the lower surface
change the aerofoils into thinner sections. The largest changes oc-
cur in the � rst 10 design cycles, approaching convergence approx-
imately in 10 cycles when little change is made. Some improve-
ment in performance can usually be obtained by better calibration
of smoothingand relaxationparametersused by the code.An exam-

Fig. 6 Comparison of initial and current pressures and geometry after multipoint optimization.

ple of the representativechange in the momentum and displacement
thickness is illustrated in Fig. 5 for one selected section at ´ D 0:61,
where the initial and optimized designs are shown. The position of
the shock did not change during the optimization. The effect the
shock has on the displacement and momentum thickness is clearly
visible at about 4.5 local chord and corresponds to the shock posi-
tion indicated in Cp plots in Fig. 2 (scaled to a wing’s root chord).
In this example the code was run with transition � xed at 0.15 and
0.05 local chord for the upper and lower surfaces respectively; this
is re� ected in the boundary-layer parameters shown in Fig. 5. A
transition point for the upper surface of the initial geometry man-
ifests itself particularly clearly in the displacement thickness plot
by a discontinuity in the solid line. CPU required for 40 design
cycles is 17,000 s on CRAY J90 and is representative of most cal-
culations. Interestingly, the comparison with CPU time required by



SZMELTER 867

Table 1

Design
point ® Cl Cd Weight

1 1.52 0.6490 0.0249 1
2 0.52 0.5084 0.0163 2
3 0.48 0.3834 0.0091 1

the inviscid code to achieve similar targets shows that the viscous
code is slightly faster even despite disabled multigrid capabilities.
If con� rmed by further investigations,this can indicate a stabilizing
effect of boundary layer on the design process.

Test Case 2 Multipoint Drag Reduction Optimization

The three-pointdrag optimizationoption was tested for the wing
W4 wing body con� gurationde� ned in Ref. 24 (but the geometryof
the fuselage has been modi� ed to be more realistic than a inde� nite
axysymmetric body). First the � ow solution was obtained at mach
number M D 0:78, Re D 8:5 £ 106 and lrefD 0:91. Table 1 shows
that for the following three angles of attack ® the corresponding
values of Cl and Cd were obtained.

Next, 40 design cycles were run. The initial target pressure was
taken from the � ow solution obtained for the initial wing body ge-
ometry and was smoothed. During the design process, the pressure
was reset every four cycles and again smoothed. The Cl target was
prescribed for every design point to the values just quoted. As indi-
cated by the weights, the second design point was mainly targeted.
The solution obtained for the modi� ed shape showed that for the
� rst and third design points the Cd and ® were not substantially
different from the initial values. For the design point Cd decreased
to 0.0139, and the � nal ® was 0.04746. In this sample run very
conservativeparameters were chosen so that only small changes in
design were allowed.

In Fig. 6 the initial and current pressures are compared for a
selectedsectionat ´ D 0:25 and illustratethe tendencyof themethod
to smooth the shock.A changein shapefor this sectionis also shown.

Conclusions
A practical method for three-dimensional wing optimization in

viscous� ows is presented.The performanceof the method has been
illustrated for single wing examples and shows that viscous effects
can be adequatelymodeled.The method requiresmodestCPU time,
and more speedcan be achievedby implementationof multigrid and
parallelizationof the code.

Despite producing good engineering results, the method needs
to be further studied. In particular, the consequences of omitting
viscousterms in the solutionof theadjointequations,in combination
with the boundary-layerassumptions, should be better understood.

The concept of using viscous-coupling techniques in control-
theory-basedoptimization methods is general and can be extended
to codes that are currently capable of optimizing complex geome-
tries in inviscid � ows.
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